Stat boo

Bivariate Series

March | 2016

Charlotte Wicknam Stathoh . cwiCK.co.nz



ANNouNncements

Project Proposals all look good!
Presentations?
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Bivariate series
Project time



\ortality Regression =xample

40V

made me uncomfortable

0 25 20 75 100



Over differencing






Sivarate series

Imagine we observe two stationary time series
(Xt Yy), t=1,.., N
We call the pairs a bivariate time series
=(Xy) = px,  Gov(Xt, Xi+n) = Yx(h)
—(Y1) = by,  Cov(Yt, Yiin) = Yv(h)

We’ve already considered this case when doing regression,
but now we’ll let the two series stand on equal footing.



1Ne cross covarnance

Cov(Xy, Yipr) = E[( Xy — px)(Yier — py)] = vxv (k)

measures the covariance between one series
and leading values of the other

Yxv (k) # vxv (—k)

Yxv (k) = vy x(—k)

it Isn’t an even function

_ Ixy(k)
v 7x(0)7y (0)
pxy(0) # 1

pxvy (k) the cross correlation




nhe sample cross covarnance

(:Xy(k): { 7]5\;_1/lc(xlﬁ_vﬂz’)(yzwrlc—Q)/N k=20,1,..., N —1
S A ) I

rxy (k) =cxy(k)/sxsy  sample cross correlation

asymptotically consistent and unbiased estimate of
the cross correlation, but

rxy(K) correlated with rxy(k + 1),
and the variance of rxy(k) depends on autocorrelation of X

and Y

generally filter series to remove correlation first



xample

Southern Oscillation Index (proxy of El
Nino)

Recruitment series - that’s the number
of new fish to some area
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Th@ CrosS Sp@ctrum

fxy(w) = l

T

Z ’YXY

Lk=—0o0

—zwk

DO<w<m

complex valued, I.e. it has real and imaginary parts

1

c(w) = — {’YXY + 3 lvxy (k) + v x (k) COS(W"C)}
=1

T

co-spectrum, real part

— % {Z VXY ’ny(k)] sin(wk)}

guadrature, imaginary part



Some derved functions
fxy(w) = c(w) + i1q(w)

[xy(w) = axy (w)e )

axy (W) = /2 (w cross-amplitude

dxy(w) = tan"'[—q(w)/c(w)] phase

C(w) = a%y(w)/fx(w)fy(w) coherence

squared linear correlation at frequency w

Gxy(w) = axy(w)/fx(w)  9an

regression coefficient of Yi on Xt at frequency w



—stmating the cross spectrum

The cross periodogram is a function of the
coefficients from the Fourier expansion of Xi and Y

Ixy (wp) = N(apzapy + bpabpy) /4T + iN(apebpy — apybpe) /4T
smooth to get consistent estimates of ¢(w,) and ¢(w)

No extra calculation beyond individual series
periodograms.



southem Oscllation Index

Back to example In R



