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A (General Linear Process

A linear process x: Is defined to be a linear
combination of white noise variates, /i,

ensure stationarity



AUtocovarnance

One can show that the autocovariance
of a linear process Is,

Y(h) =0 ) birnihy
1=0



Your tum

Write the MA(1) and AR(1) processes In
the form of linear processes.

.e. what are the ("

Lt — Z Vi Li—;
i=0



Verty the autocovarance functions for
MAT) and AR(T)

Y(h) =0® ) tirnt
1=0



Sackshitt Operator

The backshift operator, B, Iis defined as
BXt = Xt-1

It can be extended to powers In the
obvious way:

BZXt = (BB)Xt = B(BXt) = BXt-1 = Xt-2
SO, BkXt = Xi-k



Your turm
MA(1)Z Xt = B1Zt—1 + /i
AR(1)Z Xt = 0(1Xt-1 + 4

Write the MA(1) and AR(1) models using
the backshift operator.



The difference operator, V, is defined as,
Vd Xt =
(e.g. V1 Xt = ( 1 -

(1-

3)d Xt

Difference Operator

3) Xt = Xt - Xt_1)

(1-B)” can be expanded in the usual way,

e.qg. (1 -

3)" = (1 -

B)(1 -

3)=1-2

B+

32

Some non-stationary series can be made
stationary by differencing, see HW#3.



\VAQ) Process

A moving average model of order g IS
defined to be,

Ty = L+ P14i—1 + oo+ ...+ Beli—q

where Z: is a white noise process with variance o,
and the [B1,..., Bg are parameters.

Can we write this using B?



\oving average operator

O(B) =1+ B+ B>+ ...+ 3,B1

Will be important in deriving properties later,....



AR(D) Drocess

An autoregressive process of order p IS
defined to be,

T = Q1T¢—1 + Q2Ti—2 + ... + QpXi_p + Ly

where Z: is a white noise process with variance o,
and the aa,...,0p are parameters.

Can we write this using B?

d(B)=1—a1B—ayB*—...— a,B"



O(B) =1+ 1B+ B>+ ...+ 3,B1
d(B)=1—a1B—ayB*—...— a,B"

MA(Q): xt = B(B)Z
AR(P): dB)xt = Zt



—oadmap

—xtend AR(1) to AR(p) and MA(1) to MA(Q)

Combine them to form ARMA(p, q)
processes

Discover a few hiccups, and resolve them.

Then find the ACF (and PACF) functions for
ARMA(p, Q) processes.

-igure out how to fit a ARMA(p,Q) process to
real data.




hiccup #1

Your tum

Consider the two MA(1) processes:
Xt = DOWit-1 + Wi
Vi = 1/5 W1 + Wi

What are their autocorrelation
functions?

o(h)=1, whenh =0
=B1/(1 +B+7), h="1
=0,h=2



WNich one do we choose’?

Define an MA process to invertible If it
can be written,

m(B)zy =Y mim—j=wy & infinite AR
=0 ProCess

where  7w(B) = ijBj and Z 7| < o0
j=0 j=0

Lt — O(B)wt
1
0(B)

Lt = Wt



Nnvertinle process

For MA(1), the process Is invertible if

| B1| <.

For MA(Q), the process is invertible if the
roots of the polynomial 6(B) all lie
outside the unit circle,

.e.6(z) #0forany |z |< 1.

We will choose to consider only
Invertible processes



Your tum

s the MA(2) model,

Xt = Wt + 2Wt-1 + W2
invertible”

What about,

Xt =Wt + 1/2 W1 + 1/18 Wi 7



Consider these two AR(2) models

Xt Xt-1 - 1/2Xt-2 + Wit ©

0 50 100 150 200
t 100 sims

0 50 100 150 200

100 sims



hiccup #2: when is an AR(p) stationary?

For AR(1), the process is stationary If
ag | < 1.

For AR(p), the process Is stationary if the
roots of the polynomial ¢(B) all lie
outside the unit circle,

.e. p(z) #0for|z| < 1.




A

SMAD, Q) process

A process, xi, IS ARMA(p,q) If it has the

form,

¢(B) xt = B(B) £,

where /i IS a white noise process with

variance o<, and

O(B) =1+ 1B+ B>+ ...+ 3,B1

¢(B)

:1—@1B—042B2—...—Oépo

We will assume Zi ~ N(O, 09



Sroperties of ARMADR, g

An ARMA(p, ) process is stationary if and

only if the roots of the polynomial ¢(z) lie
outside the unit circle.

.e. d(z) # 0, for | z |<1

An ARMA(p, q) process is invertible if and
only if the roots of the polynomial 6(z) lie
outside the unit circle.

.e. B(z) # O, for | z |<1




Carameter Redundancy

Example: xt = 1/2Xt-1 - 1/2 W1 + Wy

looks like ARMA(T, 1) but is just white
NOISeE.

For an ARMA(p, g) model we assume
O(z) and &(z) have no common factors.



Your tum

Rewrite this ARMA(2, 2) model in a
non-redundant form,

Xt = -5/06 Xt-1 - 1/6 Xto+ 1/8 Wio + 6/8 Wi-1 + Wi



-INCING roots IN A
You can check In R:

roots for 6(B) =1 + 1/2B + 1/18B2

Xt =Wt + 1/2 Wi-1 + 1/18 Wi

polyroot(c(1, 1/2, 1/18))

check roots have modulus > 1

Mod(polyroot(c(1, 1/2, 1/18))) > 1



oimulating A

?arima.sim

arima.sim(model

list(ar
ma
sd

c(0Q.
c(0Q.
1),
\

O

SMAD, Q) processes In S

x4, 02

-/

WBLBZ

5, 0.3),
200)

Normal white noise
process by default



VWhat i1s the ACE for an ARMA(D, ) process’?
It's complicated!

An approach

1. Write the ARMA(p, Q) process in the one-

sided form. o0
Lt — Z%’Zt—z' — Zp(B)Zt

1=0
2. Find the ) by equating coefficients
3. Use the general result for linear processes
that,

v(h) =07 Z Vit h i
i—0



xample

What is the ACF of:
Xt = 0.9 xt4 + 0.5 Ziq4 + 4



\ore generally..

You can set down a recursion for the autocorrelation function and
solve 1.

That’s how ARMAacTt in R does it:

(armall <- ARMAacf(ar = 0.9, ma = 0.5,
lag.max = 25))
gplot(x = 0:25, ymin = @,
ymax = armall, geom = "linerange"”) +
geom_hline(yintercept = 0,
linetype = "dashed”) +
ylim(c(-1, 1))



AN asice

Sometimes we take a ARMA process,
¢(B)xy = 0(B)Z;

where ¢(B) and 6(B) are finite order polynomials,

And con convert it to an infinite order MA process,

ry = (B)Ze (B) =0(B)/¢(B)

OR an infinite order AR process,
m(B)xy = Zy m(B) = ¢(B)/0(B)

P, &, 11, B, are pretty consistent notation for these polynomials



ACF

1.0-
0.5-

0.0==-mdomhoctocbo g d Lo } I { | | NN
0.5 = 0.9 Xt-1 + 0.5 Wit-1 + Wy

1.0-

0:25



ACF

MA(1): xt = Wt +1/2 Wi-1

8y | ) A R SO S S S S I L

L
: I\/Il(5): Xt = Wt - 1/2 Weq - 1/2 Wo +

1/4 Wiz + 1/4 Wig +1/4 Wis

1 )

N lag |

MA(10), 6=1/2j=1,...,10



ACF

AR,

* 1 P I I N A [‘-l-{-I-J_l_L_.-J_L- ___________________________

AR(1): xt = Wt +1/2 Xt-1 AR(2): xt = Wt + 1/6 Xt-1 + 1/2 Xt-2

5 o o DAL LLLLL .

T ARGB): Xt = Wi - 1/2 Xt - 1/2 X0 + AR@®), ¢=1/9]=1,...,8
1/4 Xt-3 +.]1 /4 Xt-4 |—+‘|/4 Xt-5



ACF

ARMAD, g

O R I O B H“Jlu“

ARMA(Q, 1): Xt = 1/2 We1 + Wt +
1/6 Xe-1 + 1/2 X2

b ARMA(1, 1)2 Xt = 1/2 W1 + Wt +1/2 Xt

e - } l..r..l-.‘-s-,..--..-..-...-..-..---... ..............................................

ARM/AJ . Xt = 1/4Wt2 -1/2 W1 + Wi - ARMA(Q 2) = -1/4wio +1/2 W1 + Wi +
1/2 X1 + 1/4 Xe2 1/9 X1 + 1/9 Xe2

15 2 29 3 . 1 15




ACF |
One is AR(1), alpha_1 = 0.6

he other is ARMA(1, 1), beta_1 = 0.5, alpha_1 = 0.5

1 2

1.0-
0.5
OO L -‘_-l ............................................ _._l_l_-|_J-1 ..... T UETSUEY PEON S TSTars IS henenen Moneene e
0.5
1.0

0 5 10 15 20 25 0 5 10 15 20 25

lag

Which 1s whnich'”/



